Abstract-A construction for a family, Q M 2 , of low-correlation sequences over QAM alphabet of size M 2 = 2 2m is presented with maximum nontrivial normalized correlation parameter bounded above by a √ N , where N is the period of the sequences in the family and where a ranges from 2.10 in the case of 64-QAM modulation to 2.76 for large m.
I. INTRODUCTION
In Direct-Sequence Code Division Multiple Access (DS-CDMA) systems, low-correlation signature (spreading) sequences are employed to enable separation of the signals of different users. In this paper, constructions of families of low-correlation sequences over M 2 -QAM, M = 2 m , that can be employed as signature sequences in a CDMA system is presented. We also present constructions of families of sequences over the 2M -ary AM-PSK constellation that is a subset of the M 2 -QAM constellation.
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This research is supported in part by NSF-ITR CCR-0326628 and in part by the DRDO-IISc Program on Advanced Research in Mathematical Engineering. quences, {s(i, t)} and {s(j, t)}, at time shift τ is defined 1 with t + τ computed modulo N. We define the maximum correlation parameter for a family of sequences to be θ max := max θ s(i), s(j) (τ ) either i = j or τ = 0 .
The parameters commonly used to compare sequence families are the size of the symbol alphabet, the period N of each sequence, the number of cyclically-distinct sequences in the family and maximum-correlation parameter θ max .
A. Motivation
Traditionally, binary phase shift keying (BPSK) and quaternary phase shift keying (QPSK) have been the preferred means of modulation in CDMA systems. Sequences over BPSK and QPSK are naturally derived from cyclic codes over F 2 and Z 4 respectively. However, in these modulation schemes, the amount of information that can be transmitted by each user per sequence period (through sequence-phase rotation), is limited to either one bit in the case of BPSK modulation or two bits when QPSK is used.
In higher-order modulation schemes such as M 2 -QAM or M 2 -PSK, users have the potential to transmit more data per sequence period. Motivated partly by this and in part by the increasingly common usage of the QAM constellation, we construct families of sequences over M 2 -QAM, M = 2 m , that allow each user to transmit 2m bits of data per period of the signature sequence.
B. Prior Constructions in the literature
In this paper, keeping in mind the widespread usage of binary digits to represent data, we restrict our attention to low-correlation sequence families whose symbol-alphabet is a subset of the complex numbers having size that is a power of 2. We do not consider sequences over real-valued alphabet such as the BPSK {±1} alphabet or the PAM alphabet since the corresponding complex counterparts of these alphabets, i.e. QPSK and QAM, tend to offer better performance in general. For instance, for family sizes that are approximately equal to [6] , [26] 4-PSK N = 2 r − 1 N + 2 2 1 + √ N + 1 S(1) [15] 4-PSK N = 2 r − 1 ≥ (N + 1) 2 2 1 + 2 √ N + 1 S(2) [15] 4-PSK N = 2 r − 1 ≥ (N + 1) 3 2 1 + 4 √ N + 1 S(p) [15] 4-PSK N = 2 r − 1 ≥ (N + 2M -ary AM-PSK (N + 1)/2 m−1 2m √ 5 √ N the sequence period N , θ max for the best known BPSK and QPSK sequence families is approximately given by √ 2N and √ N respectively [6] , [8] . Table I provides a quick overview of some prior constructions over the 2 k -PSK constellation for various k, and over the 16-QAM constellation. The quaternary sequence family, Family A [4] , [6] , [26] , has the same size as the family of Gold sequences [8] , but smaller value of θ max . Quaternary families {S(p)}, p ≥ 1, [15] are larger families with correspondingly larger values of θ max . Sequence family S(2) appears in the W-CDMA standard [31] as the short scrambling code. In [14] , a general technique for constructing low-correlation 2 m -PSK sequences is presented that is based on a Galois-ring analogue of the Weil-Carlitz-Uchiyama (WCU) bound on exponential sums over finite fields. In the table, the label WCU is used to refer to sequence families constructed using this technique.
The only prior construction of low-correlation QAM sequences that we are aware of is that of a 16-QAM family, Family Q B , due to Boztaş [5] . We became aware of the construction in [5] only after the preparation of a preliminary version of the present paper, see [1] . The results of Boztaş are summarized in Section II-E.
C. Results of the present Paper
We have constructed two families of sequences over 16-QAM that have the maximum magnitude of correlation bounded by √ 2 √ N (see Table II ). The two families, Family QI 16,A and Family QI 16,B , are constructed using interleaved sequences.
In this paper, a construction for a family, Q M 2 , of sequences over M 2 -QAM, M = 2 m , of length N = 2 r − 1, family size L = (N + 1)/2 m−1 and maximum nontrivial normalized correlation parameter bounded by θ max √ 122/4 √ N = 2.76 √ N is presented, for any value m ≥ 2 of the integer m. Apart from low correlation values, the family possesses several interesting and useful features including an ability to transmit 2m bits of data per period of the spreading sequence. Family Q M 2 is compatible with QPSK sequence families S(p) in the sense that the value of maximum correlation magnitude is increased only slightly if one adds sequences from S(p) \ S(0) to Family Q M 2 .
Also included in the paper are constructions for large families of sequences over the M 2 -QAM alphabet. We shall construct an asymptotically optimal family of sequences over 8-ary AM-PSK constellation. This is the only family of sequences that is not over a PSK alphabet and, yet, meets the Welch bound [29] on maximum magnitude of correlation. The details of this family are summarized in Table IV .
Towards the later part of the paper, we describe a simple modification to the definition of the QAM families that will permit us to construct families over the 2M -ary AM-PSK constellations that have reduced magnitudes of correlation when compared against the QAM counterparts. Table V presents the relevant parameters of a few of the families of sequences over the AM-PSK constellation.
1) Variable-Rate Signalling: One of the unique features of Family Q M 2 is the provision for variable-rate signalling. With this technique, for instance, users in a CDMA environment can simultaneously communicate at different data rates on the reverse link. We will illustrate, with the aid of the tree in Fig. 1 , some of the possibilities for the case when the the parameter r used in the construction equals 4, corresponding to QAM sequences of period 2 r − 1 = 15. We treat the tree as a directed graph in which every edge is oriented from top to bottom. If node A can be reached from node B then we will call node B a descendant of node A. Nodes without descendants will be called leaf nodes. These are said to be at level 0. Nodes connected via an edge to a leaf node are nodes at level 1, etc. The topmost node, at level 4, is the root node.
Each user in the CDMA system is assigned a distinct node. In assigning nodes to users, the rules to be followed are:
• A user cannot be assigned a node that is a descendant of a node assigned to another user • A user cannot be assigned a node whose descendant has been assigned to another user.
• The root node cannot be assigned to any user. The system is said to be fully utilized if every leaf node is the descendant of some node assigned to a user.
Each of the users assigned nodes in level ℓ is assigned a sequence 2 belonging to Family Q M 2 , M = 2 (ℓ+1) , whose symbol alphabet is the 2 2(ℓ+1) -QAM constellation. This gives the users the ability to transmit 2(ℓ + 1) bits of data per sequence period. Fig. 1 , depicts a valid assignment for a fully utilized system that has five users with data rates and constellations as listed in Table VI. The system also permits fixed-rate signalling. This would correspond to assigning all the nodes at a given level to the different users of a CDMA system.
D. Outline of the Paper
Section II establishes some of the background necessary for constructing sequences over M 2 -QAM, M = 2 m . We also review specific sequence families over 4-QAM and 16-QAM in Section II.
In Section III, we define and analyze the properties of various families over the 16-QAM constellation. We construct three families, two of which have magnitudes of correlation bounded by
We also analyze the properties of one of 2 More accurately, as we shall shortly see, each user is assigned a collection of sequences rather than a single sequence. the families in detail since it naturally generalizes to the case of families of sequences over M 2 -QAM.
Section IV describes the construction of families of se-
In Section IV, we also describe other features of Family Q M 2 such as large Euclidean distance, compatibility with existing Z 4 families, etc. In Section V, we describe a technique to allocate variable signalling rates to users in the reverse link of a CDMA environment.
In Section VI, we describe a construction for families of sequences over the 2M -ary AM-PSK constellation. These families are over a restricted subset of the M 2 -QAM constellation, but have reduced magnitudes of correlation.
In the same section, we will describe a construction for an asymptotically optimal family of sequences over 8-ary AM-PSK constellation that achieve the Welch bound.
Most of the proofs have been moved to the Appendix for the sake of clarity. II. BACKGROUND
The M 2 -QAM constellation is the set
When M = 2 m , this constellation can be equivalently defined as [18] , [27] (1 + ı)
The equivalence between the two representations follows from noting that an odd number, x, in the range
and the relation
The second representation for M 2 -QAM, M = 2 m , suggests that a sequence over M 2 -QAM can be constructed using a collection of sequences over Z 4 , of size m, and we adopt this approach in the paper.
In this paper, we shall also construct sequences over the AM-PSK constellation which is a subset of the QAM constellation. We shall be concerned with the 2M -ary AM-PSK constellation which is a subset of the M 2 -QAM constellation with M = 2 m and is given by
with a 0 ∈ Z 4 , a i ∈ F 2 ∀ i = 0. The 16-QAM constellation, given by [5] , [18] , [22] 
is shown in Fig. 2 . It is easy to check that the average energy of the constellation is 10. We shall initially construct a family of sequences over 16-QAM and, later, generalize the construction to yield sequence families over arbitrary M 2 -QAM. The next goal is to study the properties of relevant families of Z 4 sequences that will aid us in constructing families of sequences over M 2 -QAM. The next subsection contains a brief introduction to Galois Rings. 
B. Galois Rings
Let Z n denote the ring of integers modulo n. In this paper our primary interest is in the ring Z 4 = {0, 1, 2, 3}.
Galois rings [19] are Galois extensions of the prime ring Z p n . R = GR(4, r) will denote a Galois extension of Z 4 of degree r. R is a commutative ring with identity and contains a unique maximal ideal M = 2R generated by the element 2. Such rings are called local rings. The quotient R/M is isomorphic to F q , the finite field with q = 2 r elements. As a multiplicative group, the set R * of units of R has the following structure:
Let ξ be a generator for the multiplicative cyclic subgroup isomorphic to Z 2 r −1 contained within R * . Let T denote the set T = {0, 1, ξ, . . . , ξ 2 r −2 }. T is called the set of of Teichmueller representatives (of F q in R). It can be shown that every element z ∈ R can uniquely be expressed as
This is often referred to as the "2-adic expansion" of z. Modulo-2 reduction of z is denoted by z. It can be shown that α = ξ is a primitive element in F q .
To every element a ∈ F q there exists a unique elementâ in T such thatâ = a. The elementâ is called the "lift" of a in R.
The Frobenius automorphism σ : R → R is given by
and the trace map from R to Z 4 is defined as
tr : F q → F 2 denotes the binary trace function. More details of Galois rings can be found in [10] , [14] , [19] , [23] .
C. Sequence Correlation
We define the maximum non-trivial correlation magnitude of a sequence family to be
either s(i, t), s(j, t) have been assigned to distinct users or τ = 0
At first glance, the definition of θ max appears to differ somewhat from the traditional definition in (1), but this is only because the traditional definition assumes PSK modulation whereas, as shall be later shown, a different form of modulation is more appropriate here.
Unlike PSK sequences, where all symbols of any sequence have unit energy, sequences over QAM and AM-PSK have symbols with differing energy levels. Hence, there is a need to normalize the sequences to have energy N . θ max will denote the maximum correlation magnitude after energy normalization.
Various terms like Z 4 sequences (sequences over {0, 1, 2, 3}), 4-phase sequences (sequences over {±1, ±ı}) or 4-QAM sequences (sequences over {±1 ± ı}) are used interchangeably in this paper. Also, sequences in this paper will refer to signature or spreading sequences.
D. Family A
Family A is an asymptotically optimal family of quaternary sequences (i.e., over Z 4 ) discovered independently by Solé [26] and Boztaş, Hammons and Kumar [4] , [6] . A detailed description of their correlation properties appears in [6] .
Let {γ i } 2 r i=1 denote 2 r distinct elements in T , i.e., we have the alternate expression T = {γ 1 , γ 2 , . . . , γ 2 r }. There are 2 r + 1 cyclically distinct sequences in Family A, each of period 2 r − 1. The following representation for sequences in Family A is used in this paper:
The maximum non-trivial correlation magnitude for Family A has the upper bound
Various desirable properties such as near optimality with respect to correlation, mathematical tractability and ease of generation, make Family A a prime candidate for use as a building block in constructing sequences over the M 2 -QAM constellation.
In this paper, we will sometimes refer to Family A as Family A 4 since it can be redefined as a family of sequences over the 4-QAM constellation.
E. Family Q B
We present a construction for sequences over 16-QAM due to Boztaş [5] 3 .
The construction in [5] begins by partitioning the following subset of 2 r sequences in Family A into two disjoint sets :
Let the sequences in the two sets be given by {c(i, t)}
and {d(i, t)}
. Family Q B is defined as the following set of 2 r−1 sequences:
It is easy to see that each sequence in Q B has period N = 2 r − 1.
The correlation between two sequences, {s(i, t)} and {s(j, t)}, from Family Q B is given by
The correlation between two Z 4 sequences, say {c(i, t)} and {d(j, t)}, is denoted by θ c(i), d(j) (τ ) where
With this representation, (6) can be rewritten as
Since the Z 4 sequences involved in the above expression are derived from Family A, the bound in (5) can be used to prove the following theorem:
The maximum nontrivial correlation magnitude for Family Q B is bounded as
The following lemma is concerned with the energy of sequences in Family Q B . The energy of the sequences will be required to normalize various results to permit comparison across different sequence families. The reason for the reduction in θ max in all these families is that the time synchronicity of the two constituent quaternary sequences is used to advantage, i.e., the relative phases of the constituent quaternary sequences is adjusted to lower the upper bound on the maximum magnitude of correlation.
The new constructions has many other desirable features.
• High Data Rate: In a CDMA environment, where each user is assigned a collection of signature sequences, all 16-QAM sequence families permit each user to transmit 4 data bits per period of the signature sequence.
• Larger Euclidean Distance: The Euclidean distance between sequences from any of the 16-QAM families, associated to different data symbols, transmitted by a user is larger than the Euclidean distance between modulated sequences in the case of 16-PSK spreading and modulation.
• Variable-Rate Signalling in the Reverse Link: Family Q 16 permits variable-rate signalling even in the absence of synchronism. This offers the potential of carrying out variable-rate signalling in the reverse link of a CDMA system with a control on the correlation properties. With this, users can choose between two data rates for transmitting data. Users can either transmit sequences over QPSK, in case they want to transmit 2 bits of data per sequence period, or they can transmit sequences over 16-QAM, in case they want to transmit 4 bits of data per sequence period.
• Compatibility with Quaternary Family S(2): Family Q 16 is compatible with quaternary sequence families S(p) [15] in the sense that the value of θ max would not be significantly increased if Family Q 16 were enlarged to include a large subset of sequences from Family S(p). We note that quaternary Family S(2) appears in the WCDMA standard as the short scrambling code [31] .
• Natural Generalization to the Case of a M 2 -QAM, M = 2 m , Constellation: Family Q 16 generalizes very naturally to yield families of sequences over M 2 -QAM, M = 2 m , with similar properties.
A. Introducing Family Q 16
Let r ≥ 3 be an integer and set q = 2 r . Let δ 1 ∈ F q have trace tr(δ 1 ) = 1 and let H = {0, δ 1 } be the subgroup in F q generated by δ 1 . Let Let G denote the quotient group G = F q /H. Note that every element z ∈ F q has a unique expression of the form z = x + y, x ∈ H, y ∈ G. Let 0 < τ 1 ≤ 2 r − 2 be a non-zero time shift. Let κ = (κ 0 , κ 1 ), where κ 0 ∈ Z 4 , κ 1 ∈ F 2 . A mathematical expression for the new 16-QAM sequence family, Q 16 , is provided below.
As indicated in the above definition, in Q 16 , each user is assigned a collection of sequences,
where
Note that, in the above definitions, we have identified the elements {g, h, δ 1 } of the finite field F q with their corresponding lifts in the Teichmueller set of the Galois ring R without explicitly indicating it. Also, in a CDMA environment, the elements of the quotient group G = F q /H will identify the different users. a) Basic Sequences: We will refer to the specific sequences, {s(g, 0, t)} and {s(g + δ 1 , 0, t)}, assigned to user "g" as basic sequences. The basic sequences can be obtained from the set of sequences assigned to user g by setting κ = 0. We have
All the basic sequences assigned to users in Q 16 are equally divided into two groups Q
16 and Q (δ1) 16 where
It is obvious that each user is assigned a unique sequence from each of the two groups mentioned above. All properties of sequences assigned to users in Q 16 are seen in the basic sequences. Therefore, while proving properties of Family Q 16 , we will pick sequences from either Q (0) 16 or Q (δ1) 16 to simplify our calculations. It will be straightforward to extend the proofs to the general case.
Remark 1:
Family Q 16 is defined as a collection of subsets of sequences. In spite of that, to simplify presentation, we will sometimes refer to a sequence from one of the subsets as a sequence from Family Q 16 .
Each sequence in Family Q 16 has period N = 2 r − 1 and the family can support
B. Correlation properties
Before deriving the correlation properties of Q 16 , a closer look at the correlation properties of Family A is necessary. The following lemma will prove useful.
Further,
Proof: A proof of (15) can be found in [30] and is included in Appendix II for the sake of completeness. We refer the reader to [30] for the algebraic-geometric proof of (14) .
The following theorem summarizes the correlation properties of sequences from Family A.
Theorem 3.2: Consider two sequences from Family
with y = ξ τ + 1 + 2 ξ τ and γ chosen to ensure that z ∈ T . Proof: The proof follows from an application of Lemma 3.1, cf. [6] , [30] .
The energy of the sequences in Q 16 is required for normalizing any result.
Lemma 3.3:
The energy of any sequence in Family Q 16 , for large N , is given by E ≈ 10 N.
Proof: Similar to the proof of Lemma 2.2.
The following bound on θ max can be derived via an application of Theorem 3.2 and Lemma 3.3.
Theorem 3.4:
The maximum nontrivial correlation magnitude for Family Q 16 is bounded as θ max 16.12 √ N and θ max 1.61 √ N .
Proof: Please see Appendix III.
C. Balance properties
We prove that the basic sequences are balanced; extending the argument for modulated sequences is straightforward.
Lemma 3.5: Consider a basic sequence, {s(g, 0, t)}, from Q (0) 16 defined in (12) . Let N(a 0 , a 1 ) be the number of occurrences of the element (1 + ı) (ı a1 + 2 ı a0 ) in one period of the basic sequence.
Then, we have the following bounds on N(a 0 , a 1 ):
Proof: Please see Appendix IV.
Since the above equation holds for all values of the tuple (a 0 , a 1 ), we conclude that all the elements from the QAM alphabet occur approximately equally often in sequences from Family Q 16 of large period.
D. Modulation
As mentioned earlier, in a CDMA environment, each user would be assigned a set of 16 sequences, corresponding to the 16 possible values of the pair (h, κ), h ∈ H, κ ∈ Z 4 × F 2 . By setting κ = 0 one obtains the two basic sequences {s(g, 0, t)}, {s(g + δ 1 , 0, t)} assigned to each user (refer (12) and (13) for the definitions). Given a basic sequence, say {s(g, 0, t)}, one obtains a set of 8 sequences, {s(g, κ, t) | κ}, that includes the original basic sequence, by assigning various values in Z 4 × F 2 to κ. Note that each nonzero value of κ imposes an overall rotation on the sequence by some multiple of 90 o and also causes the two constituent Z 4 sequences {ı u1(t) }, {ı u0(t) } comprising the basic sequence {s(g, 0, t)} to rotate relative to each other by some multiple of 180 o :
The reader might wonder at this point if it is possible to derive 16 sequences out of a single basic sequence by permitting relative shifts in the phases of the Z 4 sequences that are multiples of 90 o rather than 180 o degrees. However, under this arrangement, one finds that upper bound on the maximum correlation magnitude θ max reverts to the higher value of 1.8 √ N . Lemma 3.3 is applicable to the modulated sequences too. It is easy to check that the bound in Theorem 3.4 remains unchanged for the modulated sequences.
E. Distance properties
The Euclidean distance between any two modulated sequences assigned to the same user is among the dominating factors influencing the performance of the receiver. In this context, one has the following result: Lemma 3.6: In the set
of 16 sequences assigned to each user in Family Q 16 , the minimum Euclidean distance occurs between the pair of sequences {s(g, 0, t)}, {s(g, (0, 1), t)} and the corresponding value of minimum squared distance is given by
The corresponding minimum squared Euclidean distance after the sequences are normalized to have energy N is given by
Proof: Please see Appendix V.
F. Co-existence with other Z 4 families
In [15] Kumar et al. have constructed nested families of Z 4 sequences called S(p), p = 0, 1, . . . , where each family in the chain is contained in the next family. These families contain large number of sequences and are well suited for use in a CDMA environment. One of these families, S(2), has been included for use as short uplink scrambling code in the 3rd generation global mobile communication IMT-2000, W-CDMA Standard [31] . S(0) and A are different names for the same family of sequences.
In this subsection, the coexistence of Family Q 16 with the above mentioned families of sequences over Z 4 is studied. For this purpose, we define a new family of sequences 4 :
In the above definition, S(p) has been considered as a family of 4-QAM sequences over the alphabet {±1 ± ı}. Therefore, all sequences in S(p) have energy 2N .
The properties of Q 16 (p) are summarized in the following theorem:
Theorem 3.7: Let Q 16 (p) be the family of sequences defined in (16) 
users can be supported in Family Q 16 (p).
2) The normalized maximum correlation parameter for Family Q 16 (p) can be bounded as
Proof: Please see Appendix VI.
Therefore, it is possible to deploy 16-QAM sequences alongside traditional Z 4 sequence families.
G. Variable-Rate Signalling in the Reverse Link
It is of interest to design CDMA systems which offer the flexibility of variable-rate signalling on the reverse link, i.e., users in a system must have the option to choose among different rates for transmitting data. In this subsection, we show that such a flexibility can be afforded by systems employing Family Q 16 . A scheme is outlined wherein a user can transmit either 2 or 4 bits of data per sequence period. Users are allotted either sequences over 4-QAM, for transmitting 2 bits per sequence period, or sequences over 16-QAM, for transmitting 4 bits per sequence period. We explain the allocation of the sequences with an example.
b) An Example: Consider two users, X and Y , in a system with data rate requirements of 2 and 4 bits respectively. X is allotted a sequence, {s(g 1 , t)}, from Family A and Y is allotted a set of sequences {s(g 2 + h, κ, t) | h, κ} from Family Q 16 where
Now, both X and Y can satisfy their rate requirements with the sequences assigned to them. Since low-correlation between the sequences assigned to the users is desired, the Z 4 sequences constituting the 16-QAM sequences assigned to Y must be cyclically distinct from the Family A sequence assigned to X. Y can be identified with the coset {g 2 , g 2 +δ 1 } of H = {0, δ 1 } in F q and X can be identified with the element g 1 ∈ F q . Since {u 0 (t), v 0 (h, t), v 1 (h, t)} must be a set of cyclically distinct sequences, we choose g 1 so that g 1 g 2 + H. The following lemma bounds the correlation between the sequences assigned to X and Y .
Lemma 3.8: Let two users, X and Y , be allotted the respective set of sequences {s(g 1 , t)} and {s(g 2 + h, κ, t) | h, κ} from Families A and Q 16 respectively. The sequences are described in the preceding paragraph.
Then, the normalized maximum magnitude of correlation between two sequences, one assigned to X and another to Y , is bounded by θ max 1.34 √ N .
Proof: Please see Appendix VII.
Observe that the upper bound on θ max (Q 16 ) (maximum normalized correlation parameter for Family Q 16 ) is 1.61 √ N . This leads to a surprising result; the bound on the magnitude of correlation of two appropriately chosen sequences from Families A and Q 16 is more than the upper bound on θ max for Q 16 . Therefore, multiple users with different data rate requirements can be supported in a system without considerable interference among their sequences. Also, in order to compute θ max , we have normalized the sequences assigned to the users to have energy N ; this ensures that the users are transmitting at the same power in spite of using different QAM constellations.
At this point, we shall not describe in detail the exact procedure to allocate sequences to all the users in a system depending on their rate requirements. The procedure shall be described in a more general setting in Section V.
Next, we shall describe the construction of two families of sequences over the 16-QAM constellation with reduced θ max . Both of these families shall be constructed using interleaved sequences.
H. Family QI 16,A
The comments made before the definition of Family Q 16 are applicable here. The mathematical definition for Family QI 16,A is given below:
(17) with the (h, κ)-th sequence given by (18) . u 0 (h, t) and u 1 (h, t) are as defined in (10) and (11) respectively.
We state the main properties of Family QI 16,A in the following theorem: 6) The sequences in Family QI 16,A are balanced, i.e., all points from the 16-QAM constellation occur approximately equally often in sequences of long period.
A proof of the correlation properties of Family QI 16,A can be found in Appendix VIII. Remaining properties of the family are very similar to those of Family Q 16 
I. Family QI 16,B
The comments made before the definition of Family Q M 2 are applicable here. The mathematical definition for Family QI 16,B is given below:
with the (h, κ)-th sequence given by (20) . u 0 (h, t) and u 1 (h, t) are defined differently than in the case of Family QI 16,A . They are given by
We state the main properties of Family QI 16,B in the following theorem: We have skipped the proofs of all the properties as the interested reader can use the techniques used earlier to prove them.
IV. FAMILY OF SEQUENCES OVER
Family Q 16 has a natural generalization to a family of sequences over the M 2 -QAM constellation, M = 2 m , and this is presented below. Like Family Q 16 , Family Q M 2 has many desirable features.
• High Data Rate: Here, in a CDMA environment, each user can transmit 2m bits of data per sequence period. By considering families over different QAM constellations, we can tradeoff data rate against the number of users.
• Larger Euclidean Distance: As with Family Q 16 , in Family Q M 2 , the Euclidean distance between signals assigned to the same user but associated with different data symbols is larger than the corresponding value in the case of PSK spreading and modulation.
• Variable-Rate Signalling in the Reverse Link: The M 2 -QAM constellation construction permits variable-rate signalling even in the absence of synchronism among users and thus offers the potential of carrying out variable-rate signalling in the reverse link of a CDMA system. There is a great deal of flexibility in choosing between rates. An example was presented in Section I-C.1 and this aspect of the sequence family is described in full in Section V.
• Compatibility with Quaternary Family S(p): As in the case of Q 16 , the new sequence family Q M 2 is compatible with quaternary sequence families S(p) [15] in the sense that the value of θ max would not be significantly increased if Family Q M 2 were enlarged to include a large subset of sequences from Family S(p).
A. Definition of Family Q M 2
The definition of Family Q M 2 mirrors the definition of Q 16 . Let m ≥ 2 be a positive integer. Let r ≥ 3 be an integer and set q = 2 r . Let δ 1 , δ 2 , . . . , δ m−1 be elements from F q such that {1, δ 1 , δ 2 , . . . , δ m−1 } is a linearly independent set and tr(δ k ) = 1, ∀ k . A mathematical expression for Family Q M 2 is provided below.
Each user is thus assigned the set
of sequences with the (h, κ)-th sequence given by
where 
Thus, each element of G identifies a particular user. It will be later shown that the correlation values between any two sequences in Family Q M 2 is guaranteed to be low, provided that either
• the two sequences belong to distinct subsets • or else, the correlation is computed at a nonzero value of time shift parameter τ .
Remark 2:
Family Q M 2 is defined as a collection of subsets of sequences. In spite of that, to simplify presentation, we will sometimes refer to a sequence from one of the subsets as a sequence from Family Q M 2 .
Within the subset of sequences assigned to a particular user, the sequences corresponding to κ = 0 are termed basic sequences. We single out these sequences since all the correlation computations we carry out in this paper involve a pair of basic sequences. This is because correlation values amongst basic sequences are representative of values appearing in the set of all relevant correlation values. Thus, the set of basic sequences assigned to user g is the set {s(g+h, 0, t) | h ∈ H}. All the basic sequences in Family Q M 2 can be divided into the sets Q (h)
The main properties of Family Q M 2 are summarized in the following theorem: For large values of M and N , the normalized maximum correlation parameter of the family is bounded as
4) Family Q M 2 can support (N + 1)/2 m−1 distinct users. Each user can transmit 2m bits of information per sequence period.
5) The normalized minimum squared Euclidean distance between all sequences assigned to a user is given by
6) All the sequences in Family Q M 2 are balanced, i.e., all points from the M 2 -QAM constellation occur approximately equally often in sequences of long period. Parts 1, 2, and 5 of the theorem are easy to prove. We shall prove the correlation properties, balance properties, and describe the modulation technique in the later subsections.
B. Correlation properties of the sequences
As with Family Q 16 , we establish properties for basic sequences and leave the straightforward extension of the results to the general case to the reader.
For a fixed M = 2 m , let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two basic sequences chosen from the sets Q
with
The correlation between the two sequences, {s(g 1 , 0, t)} and {s(g 2 , 0, t)}, is given by
The above expression for correlation of two sequences from Q M 2 will be repeatedly used in the rest of the paper. It indicates the convenience with which a problem regarding correlation of two M 2 -QAM sequences, M = 2 m , can be reduced to a problem concerning the correlation of several pairs of Z 4 sequences.
The correlation properties of sequences in Family Q M 2 are handled in two separate cases.
1) Zero time shift (τ = 0): The following lemma deals with the correlation between two M 2 -QAM sequences from Family Q M 2 at zero time shift.
Lemma 4.2:
tbd Let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two basic sequences chosen from the sets Q (h) M 2 such that g 1 and g 2 belong to distinct cosets of H in F q . Then
Proof: Similar to the case of sequences from Family Q 16 . Details may be found in Lemma 3.1.
In the lemma above, we restrict our attention to the case when g 1 and g 2 belong to distinct cosets of H since we want to evaluate the correlation at zero time shift between sequences assigned to different users.
2) Non-zero time shift (τ = 0): The following lemma bounds the magnitude of the correlation between a pair of basic sequences from Family Q M 2 . The pair of basic sequences could be assigned to the same user and, since only nonzero time shifts are involved, the two sequences need not be distinct.
Lemma 4.3:
Let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two sequences over M 2 -QAM, from the sets Q Proof: Please see Appendix IX.
To determine θ max for Family Q M 2 , it turns out to be enough to restrict attention to correlations amongst basic sequences. With the aid of part 2 of Theorem 4.1 and Lemmas 4.2 and 4.3, the following lemma regarding upper bounds on θ max and θ max can be proven.
Lemma 4.4:
For large values of M and N , the parameters θ max and θ max for Family Q M 2 can be bounded as
Lemma 4.4 proves part 3 of Theorem 4.1.
C. Balance properties
As was the case with Family Q 16 , the sequences in Family Q M 2 are also balanced. In the following lemma, we prove that the basic sequences in the sets Q Then, we have the following bounds on N(a):
Proof: Please see Appendix X.
Since the above theorem holds for all values of a, we conclude that the QAM sequences are balanced.
D. Modulation and family size
The modulation technique in Family Q 16 can be naturally generalized to the case of Family Q M 2 . Each user in Q M 2 is assigned a set of sequences, {s(g + h, κ, t) | h , κ}, where g belongs to the quotient G = F q /H and the particular user can be identified with the coset g + H. Hence, Family Q M 2 can support a maximum of 2 r /|H| = (N +1)/2 m−1 distinct users. H is an additive subgroup of F q and can also be considered as a vector space over F 2 with basis {δ 1 , δ 2 , . . . , δ m−1 }. In that case, let
be the representation of an element h in H. A user can transmit data by appropriately choosing h and κ. Therefore, the data to be transmitted by each user can be mapped onto the tuple
Each user can transmit 2 m bits of data per sequence period with the subset of sequences allotted to him. This proves part 4 of Theorem 4.1.
If we allow relative phase shifts of 90 o between the Z 4 sequences constituting each QAM sequence, then each user can transmit more data per sequence period. Also, it is possible for each user to construct new QAM sequences by permuting the constituent Z 4 sequences comprising the basic QAM sequences. Both these techniques would allow the users to transmit more data per sequence period, but θ max for the family would correspondingly increase.
E. Coexistence with families over Z 4
In this subsection, we prove that it is possible to use sequences from S(p) along with sequences from Q M 2 in a CDMA environment.
For this purpose, a new family of sequences is defined 6 :
As mentioned earlier, sequences in S(p) have been considered as sequences over the 4-QAM alphabet.
The properties of Q M 2 (p) are summarized in the following theorem: 2) The normalized maximum correlation parameter for Family Q M 2 (p) can be bounded as
Proof: Similar to the proof of Theorem 3.7.
It is worth emphasizing again that the above theorem indicates a "downward compatibility" feature inherent in Family Q M 2 . Q M 2 can be introduced in existing systems deploying QPSK sequences without drastically increasing the magnitude of the worst-case correlation.
F. Comparison against sequence families over the M 2 -PSK constellation
Family Q M 2 , being a family of sequences over the M 2 -QAM constellation, must be compared against families of sequences over the M 2 -PSK constellation. The M 2 -PSK constellation is given by
All the points in the M 2 -PSK constellation are on a circle of unit radius around the origin and have unit energy.
If there were to exist an optimal 7 family of sequences over the M 2 -PSK constellation containing O(N ) sequences of the same period N as that of sequences in Family Q M 2 , then each user would be able to transmit 2m bits of information by modulating the PSK sequence assigned to him. Now, the PSK family would be comparable to Family Q M 2 in terms of family size and number of bits of data that can be transmitted by each user per period of the signature sequence. The squared Euclidean distance between two distinct modulations of a sequence over M 2 -PSK can be shown to be 2 1 − cos
N . The normalized minimum squared Euclidean distance between two sequences assigned to a user in Family Q M 2 is 12/(M 2 − 1)N . Since
In the definition of Family Q M 2 (p), we need not discard the m-sequence from Family S(0). We do not emphasize this in the definition for the sake of clarity in exposition. 7 w.r.t the bounds in [16] , [17] , [24] , [29] the subset of sequences assigned to a user in Family Q M 2 have better distance properties when compared against modulations of a single sequence over the M 2 -PSK constellation. Favorable Euclidean distance properties of Family Q M 2 render it suitable for use in a communication system.
G. Large families of sequences over M 2 -QAM
In this section, we present constructions for large families of sequences over M 2 -QAM, M = 2 m . Consider the family of Z 4 sequences S(p). Let the sequences in S(p) have period N = 2 r − 1. All the cyclically distinct sequences in the family are equally divided into m subsets. Each subset will contain ⌊ |S(p)|/m⌋ sequences and let the sequences in the k th subset be
In the following theorem, we construct a family of sequences over M 2 -QAM, M = 2 m , where the constituent Z 4 sequences are chosen from S(p).
Theorem 4.7: Consider a family of sequences over
can support a maximum of ⌊ |S(p)|/m⌋ distinct users. 3) Let a user be assigned the basic sequence {s(i, t)}.
Then, the user can transmit 2m bits of data per sequence period by modulating the basic QAM sequence:
Users can construct different QAM sequences by permuting the orders of constituent Z 4 sequences comprising the basic QAM sequence. With this, users can transmit additional approximately log 2 (m!) bits of data per sequence period. Therefore, each user can transmit a total of approximately 2m + log 2 (m!) bits of data per sequence period. 4) The minimum squared Euclidean distance between any two modulated code sequences assigned to a single user in S M 2 (p) is 4N . 5) For large values of N , the energy of the sequences in
6) For large values of M and N , bounds on θ max and θ max for Family S M 2 (p) are given by
The families defined in the above theorem can be considered to be generalizations of Boztaş' construction in [5] . In fact, Family S 16 (0) and Family Q B are the same family of sequences 8 . We can also construct families of M 2 -QAM, M = 2 m , sequences by choosing the Z 4 sequences constituting a QAM sequence from Family B [6] . We leave the details of the construction to the reader.
V. VARIABLE-RATE SIGNALLING IN THE REVERSE LINK
One of the issues in the reverse link, in a class of CDMA systems, is the lack of synchronization among various users. Moreover, users may have different data rate requirements, i.e., may wish to communicate different bits of data per sequence period. Family Q M 2 presents a unique solution to this problem. A technique is outlined in this section by which different users can communicate at different rates, asynchronously, in the reverse link of a CDMA system. It must be emphasized that this technique can be employed at no extra complexity as far as sequence allocation is concerned, i.e., no other spreading or channelization codes will be used in conjunction with the QAM spreading sequences.
In order to come up with a method for variable-rate signalling, we will use the fact that the finite field F q can be considered both as a group and as a vector space over F 2 . Let F q = F 2 r be generated, as a vector space over F 2 , by a linearly independent set {1, δ 1 , δ 2 , . . . , δ r−1 } where tr(δ ℓ ) = 1, ∀ ℓ = 1, 2, . . . , r − 1. We construct a finite chain of subgroups of F q : H 0 , H 1 , . . ., H r−1 where
and H 0 = {0}. Each subgroup is contained in the next one in the chain, i.e. H 0 ⊂ H 1 ⊂ . . . ⊂ H r−1 . In Fig. 3 , we represent the various cosets of the subgroups {H ℓ } r−1 ℓ=0 by nodes, i.e the cosets of H ℓ are represented by nodes in level ℓ. Cosets of H ℓ can be, equivalently, considered as elements of the quotient group G ℓ = F q /H ℓ . A node in level ℓ is connected to a node in level ℓ + 1 only if the corresponding coset in level ℓ is contained in the corresponding coset in level ℓ + 1. Therefore, all the cosets of the subgroups {H ℓ } can be represented by a tree as shown in Fig. 3 . We treat the tree as a directed graph in which every edge is oriented from top to bottom. If a node can be reached from another node, then we will call the first node a descendant of the second node. The nodes that have no descendants will be called leaf nodes. The node at the extreme top is called the root node. The root node corresponds to the finite field F q and the leaves correspond to elements of the finite field F q (or cosets of the subgroup {0}). We have indicated a possible labelling for some of the nodes in the tree.
The unlabelled nodes in Fig. 3 are cosets of H ℓ for some ℓ and, if necessary, they can be labelled with a representative of the corresponding coset. For the sake of clarity, we do not indicate this in the figure.
Each (potential) user in the CDMA system is assigned a distinct node. In assigning nodes to users, the rules to be followed are:
• A user cannot be assigned a node that is a descendant of a node assigned to another user • A user cannot be assigned a node whose descendant has been assigned to another user • The root node cannot be assigned to any user. These rules, as we shall later see, ensure that the Z 4 sequences used to construct the QAM sequences assigned to different users are cyclically distinct. The tree is said to be "fully utilized" if every leaf node is the descendant of a node allotted to some user.
A user, if assigned a node on level ℓ, will be allotted a subset of sequences from Family Q 2 2(ℓ+1) and can transmit 2(ℓ + 1) bits of data per sequence period. Therefore, the nodes at level r − 1 in Fig. 3 corresponds to subsets of sequences over 2 2r -QAM and the leaves correspond to sequences over 4-QAM (QPSK). As we move from the leaves to the root, the size of the QAM constellations associated with the nodes at various levels increases and consequently users, if assigned these nodes, can transmit more data.
Let {τ 1 , τ 2 , . . . , τ r−1 } be a set of non-zero, distinct timeshifts with {1, α τ1 , α τ2 , . . . , α τr−1 } being a linearly independent set. Consider a particular node in level ℓ associated with the coset
If a user is assigned this node, then he is assigned the set of sequences
Hence, all the nodes at level ℓ correspond to (potential) users in Family Q M 2 , M = 2 ℓ+1 . If all the users in a system are assigned nodes at the same level, the arrangement would correspond to fixed rate signalling. Any other arrangement corresponds to variable-rate signalling.
The following theorem bounds the magnitude of the correlation between sequences over different QAM constellations assigned to distinct users. , where M 2 = 2 m2 and m 2 = ℓ 2 +1, respectively. The users have been allotted sequences by following the rules for variable-rate signalling outlined earlier.
Then, the normalized magnitude of the worst-case correlation between a sequence assigned to X and another sequence assigned to Y , which we denote by θ max , can be bounded as
Proof: Please see Appendix XI.
This result suggests that users can communicate at different data rates in the reverse link of a CDMA environment by choosing sequences over different QAM alphabet. Now, consider a CDMA system employing families {Q M 2 } in which users are transmitting at different rates by picking different QAM constellations. Families {Q M 2 } have been constructed by following the procedure mentioned in the preceding paragraphs and users have been allotted sequences by following the rules for variable-rate signalling. Then, all the sequences in the families have period N = q − 1 = 2 r − 1. Let the number of users transmitting sequences over M 2 -QAM, M = 2 m , be n 2m . The following relationship among various n i 's can be easily proven:
The tree in Fig.3 will be fully utilized if and only if the above bound is achieved with equality.
It is possible to support more users by adjoining a large subset of sequences from Family S(p) to Family Q M 2 (refer Section IV-E), but the new users would be able to transmit only 2 bits of information per sequence period and the magnitude of the worst case correlation between sequences assigned to distinct users would increase.
We have shown how to perform variable-rate signalling on the reverse link by allotting sequences over different QAM alphabet to users. A natural question that comes up is whether the same can be accomplished by allotting different numbers of sequences from the same family over M 2 -QAM to users in accordance with their rate requirements. It is easy to see that such an allocation scheme would be inefficient and would reduce the family size (and thereby number of users that can be supported) considerably. For example, if users in a CDMA environment deploying Family A want to transmit 2m bits of data per sequence period, then each user would have to allotted 2 2(m−1) sequences from Family A. Then, the CDMA environment would be able to support a maximum of (N + 1)/2 2(m−1) users with data rate requirement of 2m bits when compared against (N + 1)/2 m−1 potential users in a system deploying Family Q M 2 , M = 2 m .
VI. FAMILIES OF SEQUENCES OVER AM-PSK CONSTELLATION
We have constructed families of sequences over the M 2 -QAM constellation with good correlation properties. In this section, we shall show that a simple modification to the definition of the families leads to further lowering of the maximum magnitude of correlation. However, we pay a price since the sequences take on values from restricted subset of the QAM constellation, viz. the AM-PSK constellation. All the sequence families that we construct in this section shall be over the 2M -ary AM-PSK constellation described in (2) . This is a subset of the M 2 -QAM constellation as mentioned earlier.
Initially, we shall describe a general technique to construct families of sequences over the AM-PSK constellation. Later, we shall construct an asymptotically optimal family of sequences over the 8-ary AM-PSK constellation. This family shall meet the Welch bound [29] on maximum magnitude of correlation. It is the only optimal family of sequences over a non-PSK alphabet, i.e., the sequences do not take values from an alphabet comprising only of roots of unity.
A. Family AP 2M
The family of sequences over the 2M -ary AM-PSK constellation will be referred to as Family AP 2M , where the subscript in the name shall indicate that the sequences are over the 2M -ary AM-PSK constellation.
The comments made prior to the definition of Family Q M 2 are applicable here too. Family AP 2M is defined as follows:
Note the difference in the definition of the sequence family when compared against the definition of Family Q M 2 ; in this case the time shifts due to τ k 's are missing.
The main properties of Family AP 2M are summarized in the following theorem: Theorem 6.1: Let m ≥ 2 be a positive integer and let AP 2M be the family of sequences over 2 m+1 -ary AM-PSK constellation defined in (21) . Then, 1) All sequences in AP 2M have period N = 2 r − 1. 2) For large values of N , the energy of the sequences in the family is given by
3) The maximum correlation parameter of the family can be bounded For large values of M and N , the normalized maximum correlation parameter of the family can be bounded as
4) Family AP 2M can support (N +1)/2 m−1 distinct users. Each user can transmit 2m bits of information per sequence period. 5) The normalized minimum squared Euclidean distance between all sequences assigned to a user is given by
All the properties of Family AP 2M can be proved using the same techniques used to prove the properties of Family Q M 2 .
B. Family API 8
As mentioned before, Welch, Sidelnikov and Levenshtein [16] , [24] , [29] have established lower bounds on the maximum magnitude of correlation of a sequence family. There are very few families of sequences that (asymptotically) meet the so-called Welch Bound [29] . The details of these families are summarized in [11] . Its worth noting that all previously-known sequence families meeting the Welch Bound are over the PSK alphabet. The asymptotically optimal family of sequences constructed in this section, Family API 8 , is, however, over the 8-ary AM-PSK alphabet (see Fig. 4 ). The comments made prior to the definition of Family Q 16 in Section III-A are applicable here too. Family API 8 is defined as follows:
with the (h, κ)-th sequence given by (31) and with
As would be evident from the definition of the sequence family, we have interleaved two sequences over the 8-ary AM-PSK alphabet to generate a single sequence over the same alphabet.
We state the main properties of Family API 8 in the following theorem: Once again, we refrain from proving the properties of Family API 8 .
C. Alternate Constructions for sequence families over AM-PSK
Family AP 2M has many interesting features which are desirable in sequence families intended for CDMA systems. But, there may be a further need to come up with constructions of sequence families over the AM-PSK alphabet that tradeoff θ max against the number of bits that can be transmitted per sequence period for the same family size.
In this paper, we have constructed QAM or AM-PSK sequences by choosing the constituent QPSK sequences comprising each sequence. Instead, we could break up a sequence over a larger alphabet as being comprised of sequences over other smaller alphabet, not just QPSK. For example, we could consider a sequence over 64-QAM as being made up of a weighted sum of a QPSK and a 16-QAM sequence. This approach would allow us to construct different families than those constructed in this paper. The new families would, possibly, have higher correlation magnitude, but may offer other advantages like higher data rate and more flexibility in design.
Due to lack of space, we do not describe any such design here. But, the interested reader can look up [2] for an example of such a construction. APPENDIX I PROOF OF LEMMA 2.2 Consider a sequence {s(i, t)} from Family Q B :
From (7), the energy of the sequence {s(i, t)} is given by
Similarly, it is easy to check that
By substituting the above values in (32), we get
APPENDIX II PROOF OF LEMMA 3.1
The third equation is obtained by replacing x by ax. Now, if x and γ are two elements in T , then (x+γ+2 √ xγ) also belongs to T . If x runs over all elements of T , then (x + γ + 2 √ xγ) also runs over all elements of T . Therefore
Proof of the lemma is completed by comparing the two expressions in (33) and (34).
APPENDIX III PROOF OF THEOREM 3. 4 The proof of the theorem is split into two parts. The correlation between two basic sequences from Family Q 16 at zero and non-zero time shifts is separately analyzed. It is straightforward to extend the results to the case of modulated sequences.
Consider two basic sequences, {s(g 1 , 0, t)} and {s(g 2 , 0, t)}, from either Q (0)
A. Zero time shift (τ = 0)
The correlation between two 16-QAM sequences, from Family Q 16 , at zero time shift is analyzed in the following lemma.
Lemma 3.1: Let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two sequences from either Q (0) 16 or Q (δ1) 16 such that g 1 and g 2 belong to distinct cosets of H in F q . Then
Proof: {s(g 1 , 0, t)} and {s(g 2 , 0, t)} are defined in (35) and (36) respectively. Then, from (7) and Theorem 3.2, we get
With this,
Since g 1 and g 2 belong to distinct cosets of H, all the Z 4 sequences involved in the above expression are cyclically distinct. Hence, some of the Z 4 correlations in the above expression evaluate to −1, while others can be approximately bounded by √ N (see Theorem 3.2).
The restriction placed on the choice of the sequences in the above lemma is characteristic of sequences assigned to distinct users.
B. Non-zero time shift (τ = 0)
Using Theorem 3.2 we can precisely determine the correlation between two sequences from Family A. This will be used to bound the maximum non-trivial correlation magnitude of sequences from Q 16 . Consider two sequences, {s(g 1 , 0, t)} and {s(g 2 , 0, t)}, defined in (35) and (36) respectively.
The correlation between {s(g 1 , 0, t)} and {s(g 2 , 0, t)}, at non-zero time shift τ , is given by:
Since we are considering correlation values at non-zero time shift, it is possible that {s(g 1 , 0, t)} and {s(g 2 , 0, t)} are the same sequence.
Using Theorem 3.2, we can rewrite the above expression as:
In the above expressions, we have identified elements of the finite field with their corresponding lifts in T without explicitly indicating it. γ i 's and γ ′ i 's have been added to ensure that the corresponding z i 's belong to T . y is function of the time shifts τ and τ 1 .
Substituting the expressions for various z i 's in (39), we get θ s(g1), s(g2)
With Theorem3.2 and using the fact that tr(δ 1 ) = 1, the magnitude of the above expression can be bounded as
Using the expression for Γ(1) from (14) 
Lemma 3.1, along with the bound in (40) completes the proof of the theorem for the case of basic sequences. It is straightforward to prove the theorem for the case of modulated sequences and we leave the details of the proof to the reader.
APPENDIX IV PROOF OF LEMMA 3.5 N(a 0 , a 1 ) can be mathematically expressed as
where a 0 , a 1 ∈ Z 4 and y = ξ τ1 .
N(0, 0), defined as above, would exceed the actual number by 1, but we disregard this anomaly. Now, N(a 0 , a 1 ) can be computed as
For the basic sequence to have good balance, the exponent of ı in the inner summation must never become 0. It is easy to check that if
then ω 0 + ω 1 y = 0 (mod 2).
In that case, we have
Since y ∈ T , y = 1, the above equation will never hold and subsequently, the assumption in (42) will never be true. Therefore, using where q = N + 1.
APPENDIX V PROOF OF LEMMA 3.6
Consider modulations of the basic sequence {s(g, 0, t)} given by {s(g, α, t)} and {s(g, β, t)}. Then, the minimum distance between the modulated sequences is given by APPENDIX VI PROOF OF THEOREM 3.7 Part 1 of the theorem can be verified with a simple counting argument.
To prove part 2, consider the correlation between a basic sequence, {s(g, 0, t)}, from either Q (0) 16 or Q (δ1) 16 and a sequence, (1 + ı)ı s(t) , from S(p) \ S(0).
Let s(g, 0, t) = (1 + ı) ı u1(t) + 2ı
with u 0 (t) and u 1 (t) as defined in (37) and (38). Then, 
Now, both {u 0 (t)} and {u 1 (t)} are sequences in Family A (or equivalently in Family S(0)). Since S(0) ⊂ S(p), {u 0 (t)} and {u 1 (t)} can be treated as sequences in S(p). By definition, {s(t)} is cyclically distinct from {u 0 (t)} and {u 1 (t)}. By using results from [15] regarding correlation of sequences from S(p), the magnitude of θ u k ,s (τ ) can be bounded as Modulation of the basic sequence cannot worsen the worstcase correlation magnitude. We normalize θ s(g), s (τ ) with the energies of the involved sequences to get:
The maximum magnitude of correlation for Family Q M 2 (p) is given by θ max = max θ max (Q 16 ), θ max (S(p)), θ s(g), s (τ ) .
It is clear that the upper bound on |θ s(g), s (τ )| will dominate the above expression. This proves part 2 of the theorem.
APPENDIX VII PROOF OF LEMMA 3.8
We prove the lemma for the case of basic sequences. The correlation between the two sequences, {s(g 1 , t)} and {s(g 2 , 0, t)}, is given by θ s(g1), s(g2) (τ ) = N −1 t=0 s(g 1 , t + τ )s(g 2 , t) = 2 N −1 t=0 ı u0(t+τ ) ı v1(h,t) + 2ı v0(h,t) = 2 {θ u0, v1 (τ ) + 2 θ u0, v0 (τ )} .
While assigning sequences to X and Y we have made sure that all the Z 4 sequences involved in the above expression are cyclically distinct. Therefore, the magnitude of the above expression can be bounded as θ s(g1), s(g2) (τ ) ≤ | − 6 + 2 Γ(1)(1 + 2)|.
By neglecting terms independent of N in the above expression, |θ s(g1), s(g2) (τ )| can be bounded as: θ s(g1), s(g2) (τ ) 6 √ N .
On normalizing with the energy of the involved sequences, we get θ s(g1), s(g2) (τ ) = θ s(g1), s(g2) (τ ) √ Consider two basic sequences, {s(g 1 , 0, t)} and {s(g 2 , 0, t)}, from Family QI 16,A . Let s(g 1 , 0, t) = (1 + ı) ı u1(t) + 2 ı u0(t) , t even (1 + ı)ı ı u0(t) − 2 ı u1(t) , t odd (45) s(g 2 , 0, t) = (1 + ı) ı v1(t) + 2 ı v0(t) , t even (1 + ı)ı ı v0(t) − 2 ı 
A. Zero time shift (τ = 0)
The correlation between two QAM sequences, from Family QI 16,A , at zero time shift is analyzed in the following lemma.
Lemma 8.1: Let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two sequences defined above such that g 1 and g 2 belong to distinct cosets of H in F q . Then θ s(g1),s(g2) (0) = −20.
Proof: Similar to the proof of Lemma 3.1.
B. Non-zero time shift (τ = 0)
Lemma 8.2: Let {s(g 1 , 0, t)} and {s(g 2 , 0, t)} be two sequences defined in (45) and (46). Then θ s(g1),s(g2) (τ )
Proof: The expression for the correlation between the two AM-PSK sequences will take on one of two forms depending on if τ = 0 (mod 2) or if τ = 1 (mod 2).
Let us suppose that τ = 0 (mod 2). In that case, the correlation between the two sequences can be written as: 
With the bounds in (47) and (48), and by normalizing with the energy of the sequences, we get the statement of the Lemma. ω k δ k y k .
